Abstract-We study numerically the polarization-resolved light-output characteristic of vertical-cavity surface-emitting lasers (VCSELs) using the spin-flip model for VCSELs extended to take into account thermal effects via a dynamical equation for the active region temperature, including heat dissipation, heating due to nonradiative carrier recombination, and Joule effect. The temperature dynamics is coupled to the carrier and optical field dynamics via a frequency and temperaturedependent gain coefficient. We show that the interplay of thermal effects and injection current variation can result in turn-on and turn-off hysteresis cycles that can be, depending on various model parameters, positive or negative. In the first case, the turn-on occurs at a higher value of the bias current than the turn-off; in a negative hysteresis cycle, the laser turns-on at a lower value of the bias current than the turn-off. These results are interpreted in terms of the interplay of the two time-scales determined by the injection current swept rate and the thermal relaxation rate.
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I. Introduction

L
ONG wavelength vertical-cavity surface-emitting lasers (VCSELs) are nowdays cost-efficient light sources for optical fiber communication systems [1] . Great advantages of these lasers are their very low lasing threshold under continuous-wave room temperature (RT) operation, their highmodulation bandwidth and high-coupling efficiency into optical fibers [2] . Monolithic, 1-D and 2-D VCSEL arrays, individually addressable, can be fabricated by lithography. InP-based devices, emitting at telecommunication wavelengths around 1.3 µm and 1.55 µm and showing modulation bandwidth in excess of 10 GHz over a wide temperature range have been recently demonstrated [3] , [4] .
In contrast to 850 nm VCSELs, that are designed such that the gain peak and the cavity resonance are nearly aligned at RT long-wavelength VCSELs have a relatively large spectral detuning between the gain peak and the cavity resonance at RT, which results in enhanced threshold temperature sensitivity [5] . Additionally, for large-scale VCSEL arrays, thermal crosstalk via the heat sink can be an important problem.
Stable wavelength operation and high efficiency are important for applications; however, the wavelength temperature redshift and the decrease of output power and efficiency due to self-heating at high-injection current densities are well known; the latter being particularly relevant in small size devices [6] .
Another VCSEL drawback are polarization instabilities that arise mainly because of the cavity circular transverse geometry, which results in weak anisotropies determining the polarization of the laser output. While some devices emit a stable polarization over the entire bias current operating range, others exhibit a variety of polarization regimes, and either the two linearly orthogonal polarization modes are active at the same time, or only one mode is active.
Because the linear orthogonal polarizations are spectrally split by the material birefringence (the splitting typically being of the order of few tens of GHzs), they also have slightly different material gains. Since the cavity wavelength temperature change is relatively small compared with that of the gain peak (of the order of 0.08 nm/°C and 0.34 nm/°C, respectively), as the bias current increases, device heating can result in a change of sign of the gain-to-loss ratio of the two polarizations which can in turn result in a polarization switch (PS) [7] .
A nonthermal mechanism for explaining the PS was proposed within the context of the spin-flip model (SFM) [8] , [9] . In this model, the linear orthogonal polarizations are associated with phase-locked states of the two circularly polarized components of the optical field, with a phase difference equal either to 0 or to π. The initial polarization preferred at threshold is determined by the difference in gain-to-loss ratios; however, as the injection current is increased, this difference can be overcome by a change of stability of the phase locked states, resulting in a PS. An extension of the SFM model including an explicit form of a frequency-dependent complex susceptibility of the uniaxially stressed quantum well semiconductor material and thermal shift of the gain curve was proposed in [10] , and the model predictions were compared with experiments on an air-post VCSEL operating at 980 mn.
0018-9197/$26.00 c 2010 IEEE Recently, we proposed an extension of the SFM model [11] incorporating a rate-equation for the variation of the temperature of the active region, which takes into account the decay to a fixed substrate temperature, Joule heating, and nonradiative recombination heating [12] , [13] . The extended SFM model also takes into account a frequency and temperature-dependent material gain, and the red shift of the gain peak and of the cavity resonance with increasing temperature; it is therefore suitable for studying the interplay of polarization and thermal effects.
In this paper, we employ this model to compute the polarization-resolved light-output (LI) curve of a VCSEL and to analyze the influence of various model parameters. In particular, we consider the effect of the speed of the ramp signal used to scan the bias current. We show that the interplay of thermal effects and current variation can result in turn-on and turn-off hysteresis cycles that can be, depending on model parameters, positive or negative. In the first case, the turn-on occurs at a higher value of the injection current than the turnoff; in a negative hysteresis cycle, the laser turns-on at a lower value of the injection current than the turn-off. This paper is organized as follows. Section II presents the extended SFM model, Section III presents the numerical results, and Section IV presents a summary and the conclusion.
II. Model
The rate equations of the extended SFM model are [11] dE
Here, E + and E − are the slowly-varying complex amplitudes of the two circularly polarized components of the optical field, ω + and ω − are their angular frequencies, which are calculated self-consistently as ω ± = Im[Ė ± /E ± ], N + and N − are two carrier populations that have opposite spin orientation,
, where K is a dimensionless constant, N is the carrier density and N 0 is its value at transparency. g is the gain coefficient, which is frequency and temperature dependent. µ is the injection current parameter, µ = K(I/I 0 − 1), where I is the bias current and I 0 is the current needed to reach transparency. T is the temperature of the active region, T s is the substrate temperature, Z and P are parameters representing nonradiative recombination heating and Joule heating, respectively. The model has four decay rates: 1) the field decay rate, k; 2) the carried decay rate, γ N ; 3) the temperature decay rate, γ T ; and 4) the spin-flip decay rate, γ j . The latter is assumed to increase linearly with temperature as
where T 0 is a reference temperature chosen to be equal to the RT and γ j,0 is the spin-flip rate at RT. Other parameters are: α is the linewidth enhancement factor; γ a and γ p are parameters representing linear anisotropies, dichroism, and birefringence, respectively, β sp is the spontaneous emission rate and ξ ± are uncorrelated Gaussian white noises.
The gain coefficient, g, which is equal to 1 in the original SFM model [8] , is assumed to be Lorentzian in the frequency space with the gain peak and the gain bandwidth decreasing and increasing with temperature, respectively
where δ(T ) = ω g (T )−ω c (T ) is the detuning of the gain peak at ω g from the cavity mode at ω c , both temperature-dependent, and ω g,0 = 2π × 4 THz is the gain bandwidth at RT T 0 [14] . The frequency of the gain peak redshifts with the active region temperature ash
where ε 0 g = 1.52 eV, α = 5.405 × 10 −4 eV/K, and β = 204 K are typical values for GaAs-based VCSELs [13] . The cavity mode frequency redshifts with temperature as where λ 0 and η 0 are the wavelength and the refractive index at the reference temperature T 0 and dη/dT is the rate of variation of the refractive index with temperature. Typical values for VCSELs emitting at λ 0 = 850 nm are η 0 = 3.41 and dη/dT = 2.8×10 −4 K −1 [15] , which correspond to wavelength variations of dλ g /dT ∼ = 0.27 nm/K and dλ c /dT ∼ = 0.07 nm/K at T 0 = 300 K.
III. Results
We integrated the model equations using, unless otherwise explicitly stated, the parameter values summarized in Table I , which are typical values for a VCSEL of radius R a = 5 µm emitting at λ 0 = 850 nm at RT [16] . An important parameter is the spin-flip rate, γ j , which affects the dynamics of the orthogonal polarizations, and which is expected to depend strongly on the active region temperature (values employed in the literatures vary in a wide range: γ j = 10-1000 ns −1 [17] ).
For simplicity here we assume that γ j varies linearly with the temperature γ j = γ j,0 T/T 0 , where γ j,0 = 100 ns −1 . With this choice there is polarization switching in a wide region of laser parameters, in good agreement with the polarization behavior observed in many VCSELs. In this paper, we focus on studying hysteresis phenomena in the laser switch-on and switch-off and we have verified that the results presented below are robust to other choices of γ j,0 : hysteresis in the switch on and switch off points is not affected by the value of γ j , which affects hysteresis in the polarization of the emitted light, but not in the turn-on and turn-off points.
To compute the LI curve, we simulated the model equations starting with initial conditions at transparency: E + and E − at the noise level, µ = K(I/I 0 − 1) = 0, N = K(N /N 0 − 1) = 0, and T = T s +(Z+P)/γ T . The bias current was increased linearly from the transparency value (I 0 = 1 mA) to I max = 20 mA, then decreased linearly back in a total time interval T , and this process was repeated several times before plotting the resulting LI curve, to disregard transient effects. Fig. 1 displays the polarization-resolved LI curve, for a bias current modulation period of T = 50 µs, and four values of the substrate temperature, T s . The modal intensities for increasing (decreasing) current are represented with solid (dashed) lines [x polarization: black (red online), y polarization: gray (blue online)]. The left column displays the whole range of variation of the bias current, while the right column displays a detail of the threshold region.
In Fig. 1 , left column, it can be observed that the LI relation is linear, except at high-substrate temperature [ Fig. 1(d) ], where the characteristic thermal roll-over can be seen. In Fig. 1 , right column, one should notice that there is no hysteresis in the turn-on and turn-off points as they occur both at the same value of the bias current, which is referred to as the static threshold, I th,s . However, in Fig. 1(e) -(g) hysteresis is seen in the polarization switching points for increasing and for decreasing bias current. The PS for increasing current, I PS,1 , occurs at a high-bias current than that for decreasing current, I PS,2 . The variation of the size of the hysteresis cycle with the substrate temperature, and also the fact that in Fig. 1(d) and (h) there is no PS, is due to the fact that the spin-flip rate, γ j , increases with temperature (4). Since the stability of the x and y polarizations depends strongly on γ j [8] , it can be expected an enlargement of the PS hysteresis cycle for increasing T s , and even the suppression of the PS at high enough temperature. Fig. 2 displays results for a faster current ramp ( T = 5 µs) and all other parameters as in Fig. 1 . Dynamic hysteresis in the turn-on and turn-off points can now be observed, as the turnon for increasing current, I on , and the turn-off for decreasing current, I off , do not occur at the same value of the bias current. Moreover, it can be seen that the sign of the hysteresis cycle, I on − I off , depends on the substrate temperature. For low T s [ Fig. 2(e) and (f) ], I on > I off (we refer to this case as normal or positive hysteresis), while for high T s [ Fig. 2(g) and (h) ], I on < I off (we refer to this case as negative hysteresis). The dots in [Fig. 2(e)-(h) ] indicate the value of the static threshold, I th,s , and it can be noticed that in Fig. 2(e) (normal hysteresis) , I on > I th,s , while in Fig. 2(g ) (negative hysteresis), I on < I th,s . It should be noticed that in the right column of Fig. 2 we show only a narrow region near threshold (to display the hysteresis on the switch on and switch off points), and thus, the PS for increasing current, which in Fig. 2(a) -(c) occurs outside this region, I PS,1 > 2.4, is not seen in Fig. 2(e)-(g) . That is why in Fig. 2(e)-(g) it is observed that the laser emits the y polarization (solid line, blue online) when the current is ramped up, and it emits the x polarization (dashed line, red online) when the current is ramped down. Fig. 3 displays results for an even faster variation of the injection current ( T = 0.5 µs) and all other parameters as in Figs. 1 and 2 . Now the variation of the bias current is fast enough as to observe the characteristic damped relaxation oscillations. In Fig. 3(g) and (h), there is no hysteresis in the turn-on and turn-off points, as I on ∼ = I off , while in Fig. 3(e) and (f), there is normal hysteresis, with I on > I off . The dots in Fig. 3(e) -(h) indicate the value of I th,s and it can be noticed that in Fig. 3(e) and (f), where there is normal hysteresis, I off ∼ = I th,s and I on > I th,s , while in Fig. 3(g) and (h), where there is no hysteresis, the laser turns on and turns off at I on , I off > I th,s . The combined effect of the substrate temperature and the modulation period on the turn-on and turn-off points, and on the size of the hysteresis cycle, I on − I off , is summarized in Fig. 5(a) and (b) , where I on and I off [ Fig. 5(a) ] and I on − I off [ Fig. 5(b) ] are plotted versus the substrate temperature for two values of the current modulation period for which both, normal hysteresis at low T s , and negative hysteresis at higher T s , are observed ( T = 1 µs and T = 5 µs, represented with filled and empty symbols, respectively).
As shown in Fig. 6 , hysteresis in the turn-on and turnoff points is also observed when the gain-cavity offset, δ 0 = λ g (T 0 ) − λ c (T 0 ) is varied, while the substrate temperature and the modulation period are kept constant. Fig. 7 displays the variation of the size of the hysteresis cycle with T s , for various values of δ 0 .
In this model, the hysteresis in the turn-on and turn-off points is due to the interplay of the variation of the bias current (that results in dynamical hysteresis [18] ) and the variation of the active region temperature, that is an additional source of hysteresis, because the temperature is a dynamical variable with its own time scale. To illustrate the interplay of these two time-scales (bias current variation and temperature variation), in Figs. 8 and 9 we present results keeping T s and δ 0 fixed, and changing the temperature decay rate, γ T , when the current modulation is slow enough as to observe both, normal and negative hysteresis depending on γ T (Fig. 8 ) and when the current variation is fast enough as to observe only normal hysteresis, regardless of the value of γ T (Fig. 9) . Fig. 8 clearly demonstrates that a slow enough variation of the active region temperature is responsible for the negative hysteresis cycles, while Fig. 9 demonstrates that the time-scale associated to temperature variations does not play any significant role in the turn-on and turn-off points when the bias current is varied fast enough. However, γ T still influences the output polarization via the temperature-dependence of the spin-flip rate.
IV. Summary and Conclusion
We studied numerically the polarization-resolved LI curve of VCSELs using an extension of the SFM that takes into account thermal effects via a dynamical equation for the active region temperature, that includes heat dissipation, heating due to nonradiative carrier recombination, and Joule heating. The temperature dynamics is coupled to the carrier and optical field dynamics via a frequency and temperature-dependent gain coefficient. We showed that the interplay of thermal effects and injection current variation can result in turn-on and turnoff hysteresis cycles that can be, depending on various model parameters, positive or negative. In the first case, the turn-on occurred at a higher value of the bias current than the turn-off; in a negative hysteresis cycle, the VCSEL turns-on at a lower value of the bias current than the turn-off. An important aspect that is not taken into account by the present model is the role of spatial inhomogeneities, i.e., the transverse mode in which the linear polarizations are emitted, the diffusion of carriers and thermal diffusion. The influence of transverse effects is an interesting open question that is left for future work.
While negative hysteresis has been previously observed in a CO 2 laser with modulated losses [19] , [20] , in a semiconductor laser with modulated losses [21] , in an injection-locked semiconductor laser [22] and in a passive semiconductor microresonator [23] , to the best of our knowledge this is the first report of thermally-induced negative hysteresis in a VCSEL lasing threshold, and we hope that our numerical results will stimulate experimental research into this very interesting phenomenon.
